z 2 , •••«<) = qi (x, y,z lf , z^z^y, x, z l9 , z^) .
Let L c be the law L c : q c (x, y,z l9 , ^_0 = g c (#, a?, ^, , z c^) .
A semigroup S is called nilpotent of class c (or c-nilpotent) if it satisfies L c for every x,yeS, z l9 z 2y z e^ e S 1 where S 1 is the monoid obtained by adjoining the identity 1 to S. Note that we have slightly modified the definition of [14] , allowing the variables z to belong to S 1 (An equivalent version of Theorem 1 in [14] is: A semigroup can be embedded in a c-nilpotent group if and only if it is cancellative and c-nilpotent).
The next proposition provides some natural examples of nilpotent semigroups. PROPOSITION 
Let R be a commutative ring. Let S be any semigroup of n by n (n > 1) triangular matrices over R, each matrix in S having equal entries in the main diagonal. Then S is nilpotent of class nΊ.
The proof depends on a simple property of the words q c serving in the definition of L c . If w = w(u u u 2 , , u n ) is a word in the letters u l9 u 2 , , u n , we shall say that w r = w'{u u u 2 , , u n ) is extracted from w if w f is obtained from w by erasing letters in w. Note that w' is extracted from w if and only if w r is a monomial in the expansion of w(l + u u 1 + % 2 , , 1 + u n ) in the semigroup ring over the free monoid on u u u 2 , * ,u n (x, y, z l9 z 2 , , z c^) it is also possible to extract w (y, x, z l9 z 29 , z c^) .
Proof of Proposition 2.1. Since nilpotency is preserved by formation of subsemigroups, it is enough to show that the multiplicative semigroup of the ring R n of all n by n triangular matrices with equal diagonal entries is (n -l)-nilpotent. If XeR n we can write X = xl + T(X) where I is the identity matrix and where T(X) is obtained from X by replacing the entries x in the diagonal of X by zeros. Recalling that a product of n upper triangular n x n matrices is 0, a product of m matrices X { = xj + T(Xi) in R n can be written Our conventions concerning the summation are, that for a fixed Z, we ON NILPOTENCY AND RESIDUAL FINITENESS IN SEMIGROUPS 695 form all possible sums of products of I matrices T(X ik ) multiplied by elements of R. For I -0 the corresponding term in the sum is x λ x 2 x m l. In particular
By Lemma 2.2 and the commutativity of B the sum on the right side of the preceding equality is symmetric in X 1 and X 21 which shows that R n is (n -l)-nilpotent. The fact that groups of triangular matrices over a field, with equal nonzero entries in the main diagonal are nilpotent (see [8] , Exercise II, p 298) is a consequence of Proposition 2.1, together with Corollary 1 of [14] .
Recall that a semigroup S is regular if for every a e S there exists xe S such that axa -a. A semilattice of groups is a semigroup which is a union of groups and has commuting idempotents. The structure of semilattices of groups modulo groups and group homomorphisms is described in [2] (Theorem 4.11, p. 128). Concerning undefined notions in the proof of the next proposition we adopt the terminology of [2] . PROPOSITION 
For a semigroup S the following are equivalent (1) S is regular and c-nilpotent; (2) S is a semilattice of c-nilpotent groups.
Proof. (1) => (2) . Assume S is regular and c-nilpotent. Then each principal factor of S is regular, 0-simple or simple ( [2] , Lemma 2.39) and c-nilpotent, since nilpotency is preserved by homomorphic image. By Theorem 2.54 of [2] , each principal factor of S is completely 0-simple or S contains a copy of the bicyclic monoid B presented by:
But a monoid admitting the presentation (B) and c-nilpotent satisfies g β (6α,&,l, ...,l) = g β (6,6α,l, ...,1) .
By induction on c and using ab = 1 we can write this equality in the form r = δ 2C+1 α .
Thus the only nilpotent monoid admitting the presentation (B) is the infinite cyclic group. This rules out the possibility S containing a copy of the bicyclic monoid. On the other hand, a completely 0-simple semigroup which is c-nilpotent is a group with zero. To see this, assume that the Rees matrix semigroup D -M°(G; I, Λ, P) is c-nilpotent. If the sandwich matrix 696 G. LALLEMENT P has nonzero entries p λj and p μi , then replacing in L c , x by (α; ΐ, λ), 2/ by (δ;i, μ) (α, b e G), and ^, z 2 , , 2 C _! by elements of D such that both members of L c are not zero, we obtain i = j and X = μ. The matrix P having at least one nonzero entry in each row and column, it follows that I and Λ both have cardinality 1, i.e., D is a group with zero. From Theorem 4.6 of [2] we deduce that S is a semilattice of groups. (2) (b) . Free nilpotent semigroups are embeddable in free nilpotent groups. Thus they are residually finite since the latter are. By a result of Malcev, finitely generated semigroups of matrices over a field of characteristic 0 are residually finite [10] . It follows that the finitely generated semigroups in Proposition 2.1 are residually finite, provided R is a field of characteristic 0. If R is an arbitrary ring we do not know if the result is still true. With the regularity condition we have the following consequence of Proposition 2.3. COROLLARY 3.1. If a semigroup S is finitely generated, nilpotent, and regular then S is residually finite.
Proof. By Proposition 2.3, S is a semilattice of nilpotent groups.
Let G e be a maximal subgroup of S with identity e. The mapping θ e : S-+G°e defined by θ e (x) = xe if xe e G e and θ e (x) = 0 if xe $ G e is a homomorphism of S onto G°e (or G e if G e is the minimal ideal of S). Consequently, G e is finitely generated. Let aeG e ,beG f be two distinct elements of S. If / Φ e, assume for example f S e (f^e means ef = fe = f). The homomorphism θ e maps S onto G°e and θ e (a) = α, # e (6) = 0. If ψ denotes the cannonical homomorphism from G°e to {0,1} we have ψθ e (ά) = 1 and ψβ e (b) = 0. In case / = β, 0 e (α) = α and θ e (b) = δ. Since (? e is finitely generated and nilpotent there is a homomorphism φ of G e into a finite group such that φ(a) Φ <p (b) . Extending ψ to G°e in a natural way, we see that ψθ e maps S onto a finite group and separates a and 6.
Note that the structural semilattice of S is finite, but we have not used this property in the proof. Indeed, we have the following weakened form of Corollary 3.1: If S is nilpotent regular and has all its maximal subgroups finitely generated, then S is residually finite. 4* Remarks on 2-nilρotent semigroups* A semigroup is called semisimple if each of its principal factor is simple or 0-simple. The next proposition allows us to replace regularity in Proposition 3.1 by semisimplicity in the case of 2-nilpotent semigroups. PROPOSITION 
If S is a 0-simple 2-nilpotent semigroup, then S is a group with zero.
Proof. We shall show that S contains an idempotent. Then a similar argument as in the proof of Proposition 3.1, excluding the possibility of S containing the bicyclic monoid and also the possibility of S being properly completely 0-simple, will give us the desired conclusion. Let x,yeS,x,yΦθ. Since S is 0-simple there exists u,veS such that x = uyv ([2], Lemma 2.28). Let us show that for every z,teS there are elements a, βeS such that z = uatβv. There are elements r, r', s, s' e S such that z = rxs and y = r'zs'. Further attempts to remove the regularity condition from the statement of Corollary 3.1 encounter a major difficulty which lies essentially in the manipulation of nonregular ^^-classes. To prove residual finiteness in the commutative case, a pleasant feature is that all the Green's relations coincide, which makes it possible to treat simultaneously regular and irregular ^-classes [7] . In spite of the fact that a regular ί=? /-class of a nilpotent semigroup is a group, coincidences of the Green's relations are only accidental. In particular £%f Φ Jί? as shown in Example 4.5.
In order to simplify the computations in Example 4.5 we indicate canonical forms of words in the free 2-nilpotent semigroup with two generators x, y (Proposition 4.4). By the relative length of a word w in the letters x, y, , we mean the number of occurrences of distinct letters x 9 Proof. It is sufficient to show that the relative length of w = xy m x n y p x q y where m, n, p, q Ξ> 1 can be reduced. This is done by induction on the total degree d x (w) of w in the letter x y using the 2-nilpotent law. Note that the induction process shows that any word starting with x can be reduced to a word of relative length at most 5 starting with x. If a word of length 5 starts with y and cannot be transformed into a word starting with x, then it can be reduced to length at most 4, as follows: It is worth noting that Lemma 4.3 and Proposition 4.4 provide an effective algorithm for solving the word problem in the free 2-nilpotent semigroup with two generators. To show that S is residually finite, there is no difficulty in separating elements lying in distinct^c lasses with the use of Rees congruences. To separate distinct elements in J", it is enough to add a relation of the form y = y k to the presentation of S.
